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Aufgabe 1:
Let N, p′, q′ be odd integers, such that N = (Ni−1 . . . N1N0) = p′q′ mod 2i.

1. Show that either

N = p′q′ mod 2i+1 and N = (p′ + 2i)(q′ + 2i) mod 2i+1,

or
N = p′(q′ + 2i) mod 2i+1 and N = (p′ + 2i)q′ mod 2i+1.

2. Let

z =
⌊p′q′

2i

⌋
+Ni mod 2

Show that N = p′q′ mod 2i+1 if and only if z = 0.

3. Using the above, find p, q given

• N = 899 = 11100 000112, p =?1?01, q =?11?1,

• N = 1353 = 101010 01001, p̃ = 101000, q̃ = 110101.

Aufgabe 2:
Lifting roots of polynomials: multivariate case. Hensel’s lemma.
A root (a1, . . . , an) of the polynomial f(x1, . . . , xn) mod pi can be lifted to a root α if α =
(a1 + α1p

i, . . . , an + αnp
i) mod pi+1, 0 ≤ αj < p, is a solution of the following equation

f(α) = f(a) +
∑
j

αjp
i · df
dxj

(a) mod pi+1. (1)

1. Assume p = 2 and your a = (a1, . . . , an) represents the first i bits of the root. Rewrite
Eq. (1) such that you receive a condition on the next bit of the root.

2. Consider a bivariate polynomial N = pq ∈ Z[p, q]. Assume (p′, q′) is the root of this
polynomial mod 2i. Use the above lemma to lift (p′, q′) mod 2i+1.

Aufgabe 3:
Factor N = 299 using factor-basis B = {2, 3}.


