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Outline Suppose we can find x, y integers with x> = y2 (mod N) and
Introduction x # +y (mod N). Then 1 < ged(x — y, N) < N and this can
Heuristics be computed quickly, giving rise to a nontrivial factor of N.
WuMl  To find x and y, the most successful technique uses smooth
Conclusion numbers (divisible by “small” primes only). It is due to
Morrison & Brillhart.

This idea is at the heart of the most successful factoring
methods (QS and NFS), except ECM.
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ECM, QS, NFS all have subexponential running times.
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Heuristics Y QS exp((cl —+ o(l))(log N)1/2(|Og IOg N)1/2)

Factoring with

L-functions o ECM: exp((c2 + o(1))(log p)*/?(log log p)1/2), (where p is
Cencloby smallest prime dividing )

@ NFS: exp((c3 + o(1))(log N)3(log log N)2/3)
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Factoring with . . . o
L functions @ It is in my view more natural, as it relates quantities

Conclusion known for their intrinsic arithmetical significance.
@ Translates an arithmetic problem into an analytic one.
@ All running times are proven, no assumptions!

@ Much room for future improvements.
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— Then using Newton's method, an approximation to ¢(N) will
{-functions yield an approximation to p, which is enough to recover it.
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How do we find a good approximation to ¢(N)?
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Classical: Compute ®(x

®(x)

=> ¢(n)

n<x

3+ioco

/ C57_1—ds

3—ioco

and move line of integration “to the left”. Problem: we hit the

Riemann zeros, spooky beings! Can we avoid them?
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Factoring with
L-functions and hence if S(x) = Y _ o(n) we get

Conclusion

n<x
1 3+ioco
XS
S() = 5 / (s~ 1)(s) < s
3—ioco

Problem: |((s)| ~ |s|(1=®%)/2 as |'s| — 0o so cannot move the
line of integration far enough to the left (to Rs < 0)
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Heuristics divides n € Z. The Dirichlet L-function associated to x is
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Conclusion L(S’ X) = Z X? y §RS > 1
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It is an entire function if x is not the trivial character, as we
will henceforth suppose.
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Introduction n<X

Heuristics

1
Factoring with fx=N + m we get

L-functions

Conclusion
FR) (1) = (=3log N) o, (N)x(NYN~3=1 L O(N3(2log N)<*T)

Choosing k > c1rlog N and supposing we can compute F(k)(u)
with good precision we get a value for o,(N) up to an error
O(N~<), where ¢; — 00 as ¢; — oco. If N = pgq, then as
before this is sufficient to obtain p.
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L(s, X)L(s + B1,X) -+ - L(s + Br-1,X) ds

where R is some residue, independent of x and v. In view of
the previous expression, it is appropriate to choose ¢ ~ x/" so
that the integral does not depend on x (hence N).
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Computing the Singular Series

The singular series can be written as

Sj = Z %eZﬂ"'(ﬁdl"'dr+’Y(d1~'~d,)1/’)

did22 ... 4%
di,endi>1 1 72 r

Approximate the singular series as

S fld.d)= Y 6.4

(dl,...,d,)EZ’ (617...,5,)62’

by Poisson summation. Here f is a CZ°(R") function
interpolating the summands of the singular series so that its
Fourier transform f is decreasing super-polynomially. We
therefore need to compute only O(N€) terms with precision
O(N~¢), which should be possible in polynomial time.

Francesco Sica () A New Factoring Algorithm Factorisation—-Bochum 20 / 23



Work in Progress

A New
Factoring
Algorithm

Outline @ Write up this Step
Introduction

Heuristics

Factoring with
L-functions

Conclusion

Francesco Sica () A New Factoring Algorithm Factorisation—-Bochum 21 /23



Work in Progress

A New
Factoring
Algorithm

Outline

@ Write up this step
Introduction

@ Ultimately, this shows that factoring could be done in

Er——— O(NY/T) for any r (subexponential). But in this last step
L-functions with need to sample at least 2" points. Therefore, we can
Conclusion only negotiate r ~ +/log N and runtime is O (eV"’g N) at

best (naive estimate).

Heuristics

Francesco Sica () A New Factoring Algorithm Factorisation—-Bochum 21 /23



Work in Progress

A New
Factoring
Algorithm

Outline

@ Write up this step
Introduction

@ Ultimately, this shows that factoring could be done in

Er——— O(NY/T) for any r (subexponential). But in this last step
L-functions with need to sample at least 2" points. Therefore, we can
Conclusion only negotiate r ~ +/log N and runtime is O (eV"’g N) at

best (naive estimate).
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@ Need to implement it in practice.
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Introduction @ Advantage is that it transforms the arithmetic problem of

Heuristics factoring N into a purely analytic one (evaluation of the
riend singular series, “independent” of N).
Conclusion @ Should lead to a deterministic factoring algorithm with

proven running time O(exp(c1+/log N loglog N))
@ Hoping to extend this to
O(exp(c3(log N)'/3(log log N)*2))

Francesco Sica () A New Factoring Algorithm Factorisation—-Bochum 22 /23



A New
Factoring

Algorithm

Outline

Introduction

Heuristics

Factoring with THANK YOU!

L-functions

Conclusion

Francesco Sica () A New Factoring Algorithm Factorisation—-Bochum 23 /23



	Outline
	Introduction
	Heuristics
	Factoring with L-functions
	Conclusion

